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Abstract 
A problem of impurity scattering in a quantum well (QW) is considered. The general approach for 
calculation of scattering amplitude is formulated. It contains two contributions - potential (as well known 
formula of Born approximation) and resonant. The results of calculations are presented for Si/SiGe QW. 
Resonance contribution to the scattering cross section manifests itself as typical asymmetric Fano peaks.  
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1. Introduction 
A scattering of electron by impurity atom is one of the important and well known effects in solid state 
physics. Experimental and theoretical investigations of impurity scattering in bulk materials are 
conducted since the 1950s. The main results can be found in the review [1]. The studies of impurity 
scattering in a quantum well begin since 1980s, after Bastard firstly consider problem of impurity states 
(IS) in a QW [2]. 
 
Nomenclature 
 
z0 distance between QW centre and impurity along the z axis  
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H Hamiltonian for an electron bound to a shallow donor in a QW 
V square-well confinement potential 
U Coulomb interaction between an electron and the impurity ion 
< wave function of electron 
m magnetic quantum number 
N, n number of QW subband 
M eigenfunction for an electron in the potential V 
f coefficients for an expansion of < on the basis of eigenfunctions M 
ab Bohr radius 
Ry Rydberg (energy unit) 
G Green function of free electron 
The QW restricts an electron motion in one dimension (along the growth axis of a QW) to discrete 
energy levels, but in a 2D QW plane electron are free. Thus, impurity scattering considered in a 2D QW 
plane, while scattering potential depends on three coordinates. Such disagreement led to insuperable 
difficulties to obtain the exact analytical solution of the appropriate Shredinger equation. And though 
such attempts have been made in works [3,4], usually various approximations and numerical schemes are 
used for calculation of electron wave function (WF). Knowledge of the wave function allows us, in 
principle, to calculate scattering amplitude that is the key characteristic of the process. However, well 
known Born approximation do not request use of initial and final wave functions. Scattering amplitude in 
this approach is determined as the matrix element of the impurity potential calculated with respect to the 
unperturbed (free electron) wave functions [5]. The question at issue is that impurity states arise under 
each of QW level. For the lower they are in the forbidden gap and are localized. Impurity states for 
overlying QW levels appear in a continuum, and become quasilocal (resonant), i.e. in a band structure 
there is a discrete state degenerate with a continuum. In the vicinity of resonant states (RS) electron 
experiences resonant scattering, and Born approximation are not suitable for its description, because it 
does not consist any information about IS attached to the overlying QW levels. In work [6] an approach 
for the calculation of resonant scattering probability was developed. Its applicability is efficient for 
enough large distance between QW levels. Besides, only ground impurity state (belonging to the second 
QW level, with m=0) considered, while (as mentioned in [7]) in the scattering problem it is necessary to 
use a WF as a superposition of states with various m.  
In the present work a general approach to the problem of impurity scattering in a QW is formulated. 
According to [8] free electron wave function is found including impurity potential influence. Further the 
scattering amplitude is defined. It consist of two kinds of contributions (responding to two kinds of 
scattering) - potential and resonant.  
 Arnold Abramov and Lin Luan /  Physics Procedia  25 ( 2012 )  73 – 78 75
2. Effect of impurity potential on free electron wave function 
We consider an impurity located at a distance z0 away from the quantum well center (the growth axis 
of QW is taken as the z axis). The origin of coordinates in the plane of QW coincides with the position of 
the impurity. Cylindrical coordinates are used: (R,T) are the distance and angle describing the position of 
an electron in the plane of QW. The Hamiltonian is written in the effective-mass approximation as 
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where mA and m|| are the transverse and longitudinal electron masses,  
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SNN
 - Coulomb interaction between an electron and the impurity ion,  
V(z) – square-well confinement potential, e – unit charge, N - permittivity, N0 - dielectric constant. Solving 
the one-dimensional Schrödinger equation 
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we get the basis for an expansion of WF 
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where n – number of QW subband. Because of the axial symmetry of the system, angular momentum 
projection onto the z axis is conserved Lz== m (m=0, r1, r2, … - magnetic quantum number), and their 
eigenfunctions exp(-imT) determine the dependence of the unknown electron wave function versus an 
angle T. Thus we can rewrite (2) as:  
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Substituting (3) in (1), we obtain a system of differential equations:  
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In (4) we use dimensionless variables, introduced as units of distance (Bohr radius ab) and energy 
(Rydberg Ry) respectively 
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The solution of equations (4) can be written in the form [9]:  
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where the Green's function GN(R,R',E) corresponds to the equation: 
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for E>HN, where I, K, N, J – are the standard Bessel function of integer order m. 
The integrand in (5) is decreasing function of distance R, so that for sufficiently large R the integral can 
be cut at some value Rmax and replaced by the finite sum  
¦ ¦ ' 
j n
jnmjNnjijiNm RRfRUERRGRRf )()(),,()(                                                          (6) 
where j is the number of equidistant pieces of length 'R on the interval [0, Rmax]. Solution of (6) can be 
expressed formally as 
fUff ˆˆ0                                                                                                                                    (7) 
where f0 is the solution of the homogeneous equation corresponding to WF of the free-electron state, and 
by f, f0 imply the column vectors of values f(R), f0(R) on the interval [0, Rmax] for different subbands. 
Expression (7) can be rewritten as 
0
1 fAf                                                                                                                                    (8) 
where the operator Aˆ  presents matrix with terms  
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For the continuum (E > H1) energy can take any values and the positions of the resonant impurity states 
will correspond to singularities (poles) of the WF (8) which are determined by the equation: Det(A) = 0.  
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3. Impurity scattering amplitude 
The formula for the scattering amplitude is [5]:  
rdzRzRUzRA
ab
GGG ),(),(),(*³ \\                                                                                             (9) 
We consider a scattering of electron with an energy in the range H1<E<H2. The free electron wave 
function )()exp(),(* zRkizR na M\
GGG
{  was exploited as initial state. As a final state we use (3) for 
n=1. Then expression (9) will be written as 
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Let's transform (10) as follows:  
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Thus, we can finally present (10) in the form:  
A=Aborn+Ar                                                                                                                                         (11) 
where 
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)exp(),()()exp(,)exp(),()exp( 1 c c ³¦³ TIn the above transformations we separate Bessel function Jm(R) corresponding to a free electron state 
(homogeneous solution of the equation (4)). Such simple transformation has the following advantages: 1) 
one part of expression (9) is possible to sum for all m and to reach a well known formula for scattering 
amplitude in the Born approximation [10]; 2) the difference f1m(R) - Jm(kR) in (11) is fast oscillated 
function. Therefore, on the one hand main contribution to an integral will give only small area near the 
origin, on the other hand the oscillations increases with m. Thus basic contribution to the sum on m will 
be at m =0. Generally speaking, the known in the literature results of calculations belong to a case of m =0 
in the formula (10).  
4. Results and discussion 
The scattering amplitude was calculated for the Si/SiGe QW of width d=40 A. The positions of 
localized and resonant impurity states in the structure have been determined in [9]. Figure 1 shows the 
results computed by formulas (10) for T=S/2. As would be expected, there are asymmetric Fano type 
peaks in the vicinity of RS. We note that at the RS position there are singularities (it is shown by the 
arrows on Fig. 1). 
It is seen from (10) that contributions for each m have additive character, therefore at m =1, for example, 
it is expected similar peaks for appropriate RS. However because it is not ground state, bur excited, the 
maximum of its wave function is away from r=0. Therefore due to the fast oscillating integrand this 
contribution will be, first, separated in energy, and secondly, significant less to case m=0.  
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In particular it is observed for the exited state corresponding to the quantum numbers n=2, m=0 (see 
small maximum around E=3.0). Let's note also that the Born approximation is suit for enough high 
energy. However, in spite of the fact that it enters by separate term in our expression, it is not 
determinative for low energy, since alongside with it we have also second term for defined m. 
 
5. Conclusion 
In conclusion, a problem of impurity scattering in a quantum well is considered. The series of IS in a 
doped QW arise under each QW level. In the vicinity of IS attached to a second and higher QW levels 
electron experience a resonant scattering. An approach for calculation of potential and resonant 
contribution to scattering amplitude is presented. Peaks on dependencies of scattering cross section on the 
energy correspond to the position of resonant states.  The obtained results can be used to analyze 
mechanism of intracenter inversion in a quantum well. 
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Fig.1. Impurity position, z0: dot – 0.4 L/2; dash - 0.8 L/2; solid - 1.2 L/2 
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